Abstract: Designing optical nanocavities with high quality factors (Q) or small mode volume (Vm) has important applications in the field of quantum information due to the strong lightmatter coupling phenomena. The multilayered hyperbolic metamaterial (HMM) nanocavities have been designed and numerically investigated to achieve the small mode volume. Unique dispersion relations of our HMM nanocavity enable propagation of large wave vectors result in strong wave confinement. The excitation of coupled localized surface plasmons, which have achieved ultrasmall mode volume below 10 -6 λ 3 or high Q/Vm around 10 7 λ -3 causing better electric fields confinement. These properties can be demonstrated by rationally the geometrical parameters and may have potential applications in light-matter interaction.
Introduction
In the field of cavity quantum electrodynamics (cQED), it is highly interesting to find an optical nanocavity with ultrasmall mode volume (Vm) that could allow for many attractive strong light-matter coupling phenomena to be applied to quantum information processing and quantum communication [1] , [2] . There are various types of optical nanocavities with different performances in terms of optical confinement. Dielectric cavities such as microdisks [3] , [4] , photonic crystals [5] , [6] , and metal claddings [7] work well in confining the optical field with ultrahigh Q factor. However, due to the limitation of the diffraction limit, their physical size is larger than the wavelength. This is not conducive to the realization of sub-wavelength spatial confinement. In contrast, plasmonic cavities can achieve better spatial confinement with Vm below 10 -5 λ 3 [8] - [10] . The small Vm facilitates strong coupling between quantum dots and nanocavities. More recently, hyperbolic metamaterial (HMM) formed by alternating layers of metal and dielectric has been into focus [11] , [12] . With deliberately design of the periodically arranged nanostructure, specific optical properties are realized in a certain spectral range [13] , [14] , such as optical antenna [15] , subwavelength imaging [16] - [18] , cloaking [19] , [20] and lasing action [21] , [22] . For the HMM nanocavity, its unique dispersion relations enable propagation of large wave vectors and caused the excitation of coupled localized surface plasmons (LSPs) [23] , which has achieved ultrasmall mode volume or high Q/Vm in previous works [24] , [25] . However, the previous resonance wavelength is near infrared band, which is not conducive to the couple with the quantum dots in the visible range.
In this paper, we investigate optical properties in multilayered HMM nanocavity, by adjusting the geometrical size to change the position of resonance and keep the resonance wavelength in the visible range. The transmission spectrum will have two dips when the light illuminates this cavity from the glass substrate. The electric field distribution demonstrates that the two dips correspond to two different modes. And the two modes' broad spectrums are easier to implement the mode coupling between the cavity and the quantum dots. We explore the best properties of different modes under different parameters and find that the Q factor can reach 21.9, and the smallest Vm can achieve around 10 -6 λ 3 or the Q/Vm can approximately be 10 7 λ -3 in our nanocavity, respectively.
Structure and Analysis
We design a rectangular nanoplate array with the multilayered structure, as shown in Fig. 1(a) . This structure can be regarded as one kind of HMM nanocavity made of alternating layers of silver and dielectric (Al 2 O 3 ). In general, the multilayered structure can be considered as an effective uniaxial medium in the case of the geometric parameter are much smaller than the free-space wavelength of the incident electromagnetic wave [26] .The miniaturization of the feature size of metamaterials towards the deep nanoscale will cause the nonlocal effect to make effective medium theory(EMT) inaccurate [27] . However, due to the thickness of our metal layer is larger than 10 nm and the dielectric layer is larger than 5 nm, the impact of nonlocal effect is unremarkable [28] , [29] . EMT [30] can be used to describe the optical properties of this structure. As a uniaxial medium, the diagonal elements of the permittivity tensor are corresponding to the hyperbolic relation shown in the Fig. 1(b) . We utilize EMT to determine the effective permittivities, as the following equations [31] :
Here p is the filling ratio of metal, ε m and ε d are the permittivity of metal and dielectric, respectively. In this paper, we focus on silver layers for its stability in the visible region among the noble metals.
The optical properties of silver are obtained from the Drude model where
with the parameters ε ∞ = 6, the bulk plasmon frequency ω p = 1.5 × 10 16 rad/s and the collision frequency γ = 7.73 × 10 13 rad/s [32] . The permittivity of dielectric is around 2.4. And we calculate the effective permittivities in Fig. 1 (c) according to the above formula (1) .
The hyperbolic dispersion in our structure allows large wave vectors to exist, and large wave vectors allow extremely small cavity size with the ability to sustain optical modes with volumes much smaller than the cube of their vacuum wavelength, thus achieving strong wave confinement [25] .We investigate the optical properties of our multilayered structure by numerical simulations based on the finite-difference time-domain (FDTD) method. In the simulations, the dimension of rectangular plasmonic cavity is Wx = 100 nm in x-direction, Wy = 120 nm in y-direction and H = 100 nm in z-direction, with the periodicity of the lattice of Px = Py = 200 nm. The layer sequence from the substrate to the top is Al 2 O 3 /Ag/Al 2 O 3 /Ag/Al 2 O 3 with a total thickness of 100 nm, where the top and the bottom Al 2 O 3 layers both are 12.5 nm, other three layers are 25 nm. Fig. 1 (c) schematically illustrates that the real part of ε p is negative and the real part of ε v is positive as Type II HMM [23] in the visible range. In these cases, we set wavelength from 460 nm to 750 nm and polarization along x direction as the source. Anti-Symmetric and Symmetric boundary conditions are used to mimic the periodic boundary condition. And the PML boundary condition is used in the z-direction as the light illuminates along the z axis. Fig. 2(a) shows the normal transmission spectra when the light illuminates this cavity from the glass substrate. We find that two transmittance dips appearing, there is a narrow transmission valley (marked Mode #1) at the wavelength λ = 495.6 nm, while there is a broad one (marked Mode #2) at λ = 709 nm. Obviously, two modes are both resonance in the visible region. Moreover, we calculated the spectra of 20 layers model and the corresponding equivalent model with EMT, the results are show in inset of Fig. 2(a) . It can be found that the result more layers model is consistent well with the result of EMT. The same resonance modes are also existent in our structure, which means that when we study the resonance modes, the equivalent model with EMT is effective for permittivity.
Results and Discussion
In order to understand the origin of these resonance modes, we calculated the electromagnetic field distributions for two modes in this cavity. To gain a complete picture of these two modes, we draw the Ez field at the y = 0 nm plane and z = 50 nm plane, respectively. Fig. 2(b) and (d) illustrate the electric field patterns for the Mode #1. This indicates that the electric field is strongly confined in the intermediate dielectric layer and our structure exhibits high energy storage capacity. For Mode #1, the resonance mode is coded index (1,3,1) , according to the half-wavelength standing wave Fig. 2. (a) The calculated normal transmission spectra for the structure described in Fig. 1(a) . behaviors [33] . Fig. 2(c) and (e) illustrate the electric field distributions of Mode #2. A similar analysis shows that the resonance order is (1,1,1) of Mode #2. The electric field distributions show that the two resonances originate from the coupling of LSPs [34] , and our structure can be considered as a plasmonic nanocavity. Compared with other multilayered structure [35] , there are more energy local in the cavity and less electric field at the corner, hence our structure's energy storage capacity is better.
Two vital parameters, the quality factor (Q factor) and mode volume (Vm), can be used to characterize the energy storage capacity of optical nanocavities [36] . For the certain resonance mode, the Q factor is determined by the photon life time. In our simulation work, we can use Q = f R / f to compute the Q factor, where f R is the resonant frequency and f is the full width half maximum (FWHM) of the resonant dips. We calculate the Q factor of two modes and they are 3.7 for Mode #1 and 12.4 for Mode #2, respectively. Although these results are better than the previous work [24] , our cavity's Q factors are much lower than the dielectric optical cavities work [37] . Due to all metal-dielectric nanocavity exists nonnegligible metal loss,which restricts the Q factor [28] .
However, plasmonic cavities can achieve better spatial confinement [9] , [10] . The Vm is an effective volume when modes are distributed at the peak intensity [38] .Our cavity has smaller Vm compared to dielectric cavities [39] .The Vm is calculated by [25] , [33] :
where ε( r ) is the dielectric permittivity and E ( r ) is electric field at the spatial location r . All of our structure is chosen to calculate the maximum energy density by FDTD method. Our calculations reveal that the Vm can go down to 2.79 × 10 -6 λ 3 for Mode #1 and 1.34 × 10 -5 λ 3 for Mode #2. The Vms are small than the results in previous work [24] as our expectation, which reveals that our structure is reasonable. The ultrasmall results prove that our cavity can confine electromagnetic energy far below the diffraction limit and may have potential applications in light-matter interaction.
In order to improve the performance of our cavity, we need to further explore the factors that affect the optical properties. Our multilayered plasmonic cavity can be regarded as a three-dimensional subwavelength resonator formed by HMM [40] .This kind of cavity allows propagation of large momentum waves (Fig. 1(b) ) and introduces a strong mode mismatch between the cavity and the air background which results in total internal reflection (TIR).Our structure can be considered as a cavity couping of LSPs due to the TIR feedback mechanism [35] .Therefore, we can adjust the geometrical parameters to change the optical properties to obtain the best results.
Firstly, we only adjust the width of this cavity along the x direction (Wx) and keep other geometry parameters. Fig. 3(a) shows the transmission spectra for the Wx from 100 nm to 50 nm. As the Wx shrinks, the resonance position of both Mode #1 and Mode #2 shit to the blue obviously. This phenomenon illustrates that the resonance position depends on the Wx which along the polarization direction. So that we can adjust the Wx and change the resonance wavelength to realize the interaction between our cavity and the quantum dots with different wavelengths.
The different optical transmittance in our spectra might influence the properties of our cavity. So we calculat the Q factor and Vm for each of cavities. In the Fig. 3(b) , the red lines represent the Q factor and the square and circular represents the Mode #1 and Mode #2, respectively. Fig. 3(b) shows that the Q factor of Mode #2 is higher than Mode #1 and illustrates that the lower order optical mode have higher Q factor in our cavities. Corresponding to Fig. 3(a) , the transmission valley of Mode #2 is narrower than Mode #1 for each cavity with different Wx, which makes the higher Q factor for Mode #2. For each optical mode, Q factor is decrease with the increase of Wx, which corresponds with the broader valley in Fig. 3(a) . This HMM cavity's anomalous phenomenon between Q factor and geometry had been mentioned in previous work [33] . The Q factor can reach 21.9 when the Wx is only 60 nm as the shortest Wx. Then, we focus on the blue lines in the Fig. 3(b) which represents the Vm of our cavity. We notice that the trend of the two lines is different. The main reason for this phenomenon is the different field distribution between two modes. And the smallest Vm reach 1.26 × 10 -6 λ 3 when the Wx at 70 nm. The combination of Q factor and Vm, the Purcell factor, is proportional to the Q/Vm and is another main property for optical cavity. The lower order mode has smaller Vm due to the filed distribution [24] , [41] and higher Q factor due to the absorption of metal [42] , so that it will have higher Q/Vm ratio and higher optical confinement comparing with the higher order mode. We calculate the Q/Vm for two modes and add them into the Fig. 3(c) . In the Fig. 3(c) , the black line of Mode #1 always keep a smaller value about 10 6 λ 3 , the red line of Mode #2 exist a peak about 1.52 × 10 7 λ 3 which approach the result of previous work [36] .
Subsequently, we adjust the width of this cavity along the y direction(Wy) and keep other geometry parameters. Fig. 4(a) shows the transmission spectra for the Wy from 120 nm to 160 nm. As the Wy increase, the resonance position of both Mode #1 and #2 shift to the blue unobviously. The changes of width and depth of these valleys are small, so their Q factors change lightly in Fig. 4(b) . Although the biggest Q factor is 12.4 when we keep the former size, is still smaller than the result in Fig. 3(b) . It is shown that the Q factor can be obtained by adjusting the length of the cavity along the direction of polarization, which is higher than that of adjusting the vertical polarization direction.The same is true for other parameters. The smallest Vm is 3.89 × 10 −6 λ 3 when the Wy at 120 nm for Mode #1,which is bigger than result mentioned above. And the magnitude of the Q/Vm in Fig. 4(c) is 10 5 λ -3 smaller than the mentioned above. So we can safely draw the conclusion that the optical properties of adjusting the geometric parameter along the polarization direction are better than that perpendicular to the polarization direction.
Finally, as a HMM optical cavity, we can change the filling ratio of metal (p) to change the effective permittivities. Fig. 5(a) depicts the real part of ε p and ε v of multilayer structure for the filling ratios p = 0.4 to p = 0.6. With the change of p, the real part of ε v have changed significantly and ε p still less than zero in the visible range. This guarantees that within the range of our discussion, the dispersion relation is always hyperbolic, though the p has changed a little. In Fig. 5(b) , resonant position of the cavity remains in the visible range, ensuring that the resonance position will not be much deviation as the metal ratio generates insignificant errors in experiment. In Fig. 5(c) , there are two similar modes in each transmission spectrum for cavity with different shapes (keep the same area): rectangular, polygon and disk. Two distinct dips only have a slight shift for different shapes, which indicate that the main resonant modes determined by the LSPs which rely on the configuration of the multilayer films. And the slight fluctuations in the spectra illustrates that the shape of the cross-section has little influence. While ensuring the cavity of the adjustable and stability.
Conclusion
In conclusion, we have investigated the optical properties of multilayered plasmonic nanocavity with deep subwavelength size in all three dimensions by numerical simulations. The hyperbolic dispersion allows to a large momentum wave and LSPs cause the Vm much smaller than the vacuum wavelength. The properties of these cavities, can be tuned by the geometrical parameters, such as resonance wavelength, Q factor and Vm. As the result, the optical properties of adjusting the geometric parameter along the polarization direction are better than that perpendicular to the polarization direction. The Q factor can reach 21.9, the smallest Vm is around 10 -6 λ 3 and the Q/Vm is about 10 7 λ -3 . Under some conditions, the deviation of these properties is very small with the changes of size and refractive index, which is conducive to maintaining the stability of the cavity. These unique properties of multilayered cavity increase the optical density of states and therefore could be applied to light-matter interactions, such as cavity quantum electrodynamics, luminescence enhancement and quantum information processing.
